International Journal of Engineering, Science and Mathematics (UGC Approved)
Vol. 7 Issue 1, January 2018,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed
at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gate as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

AN ANALYSIS ON ZERO-DIVISOR GRAPH OF A RING

PRAVIN KUMAR SINGH
Research scholar

Department of Mathematics
LNMU Darbhanga Bihar

Abstract. Throughout this paper we analyze the ideal zero divisor graph centred on I;(R) of
the commutative ring R. We address some of the theoretical graph properties of T;(R) in
relation to the zero divisor graph by characterizing the condition in which cliqgue number and

chromatic number is same..
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1. Introduction

An interesting topic for mathematicians is the study of algebraical graphics theory which
dates back to 1973 at least when n. Biggs introduced his own work. The main objective of
Bigg's research was to transcribe the characteristics of graphs into algebraic structures, and
using the findings and methodology of algebra, to conclude the graph theorems. Anderson
and Naseer extended this analysis of coloration of the zero-divisor graph on a commuting
ring [4]. In the meantime the graph of zero divisors haas mainly focused the attention of the
algebraist and graph theorist. We provide the same goal as N. Bigg [5] in this research paper.
Having 1 as identity and Z(R) be its zero divisors of a commuting Ring . Assuming I'(R) is
an undirected graph with non-zero divisors of R with 2 different cartesian coordinates x and
y connected by edge only whenxy = 0.DeMeyer [3] et al. and Redmond
[8] generalized the graph with zero divisor to other algebraic structures.

Assuming Ras a commuting ring and / as R's ideal. The optimal based graph is an undirected
graph Ty (R)having vertex{x € R — /: xy € I forsomey € R — [} with corresponding
adjacent vertices x and y, if and only if xy € I. The ideal graph is an undirected graph.

Redmond [9] incorporated it. In [9], he observed in reference to the graph of the zero splitter
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values parameters as connectivity, clique, diameter, girth, etc. Various other study activities
are still taking place here. The values of specifications such as vertex chromatic number,
number of cliques, the maximum and minimum degree etc. are found in this paper. Section 2
provides the description and theorem for the following sections from [9]. For a graph G, the
degree deg(v) of a vertex v in G is the number of edges incident with v. deg(v) represents the
degree of the vertex v in I;(R).The minimum and maximum vertical grades of G are
represented by 6(G) and A(G), respectively. If all vertices of G are the same, a map G is
regular. If any vertex of G is of degree 1 a graph G is one-factor. The complete diagram, with
n vertices and complete bipartite diagram, is indicated by two sections m and n by K, and
K,m. Unless the inducted subgraph on ¢is a complete graph, a subset ¢ of the vertices of

G is considered a clique. The vertices in set ¢ are labelled with |¢|.
2. Preliminaries

Definition 2.1 [9]. Let Rbe a commutative ring and let I be an ideal of R. The ideal based
zero divisor graph is an undirected graph TI;(R) with vertices {x € R — [: xy € [for

somey € R — [}, where distinct vertices x and y are adjacent if and only if xy € /.

Definition 2.2 [9]. Using the notation as in the above construction, we call the subset a, + /a

column of T, (R). If a® € J, then we call a, + ] a connected column of T (R).

Theorem 2.3 [7, Theorem 7]. For a finite ring R, if T(R) is a regular graph, then it is either

a complete graph or a complete bipartite graph.

Theorem 2.4 [9, Theorem 5.7]. Let/ be a nonzero ideal of a ring R. ThenI;(R) is bipartite
if and only if either

(@) gr(T;(R)) = wor
() gr(I;(R)) = 4 and r(§) is bipartite.
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Theorem 2.5 [2, Theorem 2.8]. Let R be a commutative ring. Then T(R) is a complete
graph if and only if either R = Z, x Z, orxy = 0for everyx,y € Z(R). In particular, if
R is a reduced commutative ring and not a field, then T(R) is a complete graph if and only if

R=27Z, X Z,
3. Main Results

In this section we characterize when the chromatic number and clique number of I; (R) are

equal and we also prove the following relationship

u(r@)) < um(r(?))

R
/

and

oL (R) < | 9UI(5)).

Theorem 3.1. Let R be a commutative ring and / be an ideal of R. If
R R
3)=+G))
“’( ] ) “( ]

oI (R)) = u(I; (R)).

Then

Proof. Considering,

R R
@(f(j ) = w(f(j )) = k.
Assuming
R
V(f(j)) ={a;+[: 1 € A}
Assuming, different color classes ascAq, A, As,...,A; of F(%). It is given that,
R
w(f(7 ) =1

There is an existence of elements ay + ], @, + [, a3 +/, ...., a; + [/in such a manner thatno two

of them are both in the same colour class. With no generality failure, let a; + / € A;for each
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and every i. Assuming
S={ay+,ay+]...,00+ [}
Then < § > is a subgraph of 1‘(%).

let M ={a: ay +] € S}Uf{a+a:a +] €S,a, € [,a€ [}

which is maximal as well as complete.

It is given that< S >is maximal and hence< M > is a maximal as well as complete subgraph
in F(%), which gives u( 7;(R)) = |M|.It implies that the colorvertices of M with | M| are

all different. Obviouslya +/ an independent set for a?doesn’t belongs to ] with @ + | €
S is inducedin 77( R) and so color that the vertices a + a according to the color of «, for all
a €.

Now, assumingg = {a: a + | € §} resulting ¢as having distinct colors. For
each y”doesn't belongs to ¢, " = a, + a, where a € /] and zdoesn’t belongs to
N, ={n:Nn{1,2,3,4,5... ,k}}where N represents natural number system and )"+ ] =
a, + [Itis giventhat a, +] € A; also theA,;’s are not dependent, the color of the vertices
a, + a with the color of a;, + a. It can easily be concluded that the vertices which doesn’t
belongs to ¢ in the similar manner it can easily be concluded that the coloring is proper.
Hence

P (R) < |M|.
Because,
w(h R) < (L @R), oL R) = u(l (R).

Theorem 3.2. Assuming Ras a commutative ring and / as an ideal of R. Then
P (R) < |l U (R)).
Proof. Considering
oI (R) =L
Assuming arbitrarily chosena; + [ a, +/...,a; + [/in I'(R)in such a manner maximal
complete subgraph is induced by

3= U{ai + [}

1<i<l
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Consider
S ={a+h:a+] € Bh €]
Assuming,a, € [foralla + | € B.Since in I;(R)we have < S > is a complete subgraph.
If we havea complete subgraph in 77 (R) namely § U {j} is, then j(a + h)belongs to /and
so(j+)D(ex+ ) =0+ [ Soaclique of size I + 1 is generated by B U {j + [}, which
itself is a contradictory statement. And hence< S >is maximal and and also
o (R) == |S|.

Results,

P(L®R) = e @®).
But in all Other instances,

P(L®R) < 1l oI (®)
and so that's the result.

Theorem 3.3. Assuminga nonempty ideal/ of R (commutative ring). If it is considered
that/; (R) is a graph on a single vertex,

P(I(®R) = |-
Proof. Considering/; (R) having only one vertex, then 77 (R) comes from a single connected

column and thus is the complete graph |/|, which is followed by the result.
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